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Abstract
Intermediate Band Solar Cell is an advanced concept for solar energy conversion in which two low-energy
photons can promote an electron to the conduction band through a so-called intermediate band. To limit recom-
bination and preserve the photo-generated voltage, generation to- and from the intermediate band should be
matched. However, all practical realizations experienced a significant voltage degradation as compared to a
single junction without intermediate band. In this work, we develop a novel analytical optimization method
based on Lagrange multipliers. We demonstrate that an Intermediate Band Solar Cell under solar spectrum
cannot meet voltage preservation and current matching at the same time. By contrast, we show that the im-
plementation of an energy shift (electronic ratchet) in any of the bands allows those two criteria to be filled
simultaneously. Additional insights are provided by the numerical study of the short circuit current and fill
factor of the systems at stake, which show that a system with ratchet benefits from the same current increase
as a standard Intermediate Band Solar Cell (same short-circuit current), while maintaining I-V properties of a
single junction (same open-voltage circuit, same fill factor).
1 Introduction
Intermediate band solar cells were introduced as a
new concept of photovoltaic converter to overcome
the celebrated Shockley Queisser limit [1]. IBSC aims
at collecting some photons with energy below the en-
ergy bandgap, that would not be absorbed in a stan-
dard single- junction solar cell. To do so, a so-called
intermediate band is introduced within the bandgap
and serves as built-in up-converter, allowing two pho-
tons transitions from the valence band to the interme-
diate band (IV transition) and from the intermediate
band to the conduction band (IC transition). This ad-
ditionnal absorption increases the current produced
by the device, and allows theoretically for an effi-
ciency enhancement from 31% to 47% under one sun
illumination [2].
IBSC have received large attention over the last
decades, and several refinement have been brought to
the seminal concept [3, 4, 5, 6]. However, despite ex-
perimental efforts (see [7] and references therein), no
fully working proof of concept has been reported yet.
One of the main blocking point is certainly the volt-
age degradation induced by recombination through
the intermediate band [8]. Furthermore, it was re-
cently suggested that the combined effect of small
non-idealities, such as narrow absorption and non ra-
diative recombination on the IC transition could pre-
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vent IBSC from reaching SQ limit [9]. An elegant way
to circumvent this issue is to introduce an electronic
ratchet, i.e. an energy shift between the IV and IC
transitions [10]. Possible realizations could rely on
succession of quantum wells organized with tailored
width [9] or as a quantum cascade [11], on 2D materi-
als [12] or on compounds with transition metal [13]. It
has been shown numerically that such electronic ratchet
not only increases the conversion efficiency of IBSC,
but also strongly enhances their resilience against the
aforementioned non-idealities. Despite the increasing
interest for the ratchet feature [14], the physics at stake
behind the ratchet system is not trivial [15, 16], and re-
ceived little attention so far.
While conversion efficiency is a well suited indi-
cator for practical purposes of energy conversion, it
is a too aggregated figure of merit to provide a clear
picture of the conversion processes. This is especially
true for complex systems such as IBSC, where many
processes take place at the same time [10]. On the
other hand, electrical properties of the device, such as
open circuit voltage, short circuit current and fill fac-
tor, offer a deeper perspective. Most notably, being
directly related to the carriers free energy, open circuit
voltage has been proven to bring insight on the sys-
tem thermodynamics [17], and can be used to estimate
the entropy production occuring during the photon-
to-carrier conversion [18]. Studying open-circuit volt-
age also sheds light on the voltage preservation is-
sue that prevents standard IBSC from exceeding the
Shockley Queisser limit.
In this work, we study the open circuit voltage of
a IBSC with electronic ratchet (RBSC). Our approach
relies on Lagrange multipliers, which allows to esti-
mate the optimal configuration of a system under con-
straints. Using this powerful technique, we show ana-
lytically that an optimal RBSC displays the same VOC
as a single junction with the same energy gap. This
property can be used to estimate the optimal band
configuration. By contrast, we show that IBSC can not
preserve voltage and ensure a good current matching
at the same time. Finally, complementary figures of
merit are numerically studied, suggesting physical in-
terpretation of the ratchet influence.
Valence band (VB)
Interm. band (IB)
Cond. band (CB)
Figure 1: Band configuration and absorptivity in a
RBSC. In the non-overlapping absorption model, pho-
tons with between EgIC and EgIC + δE are absorbed
and emitted in the intermediate to conduction (IC)
transition ; those with energy between EgIV and EgCV
in the IV transition and those with energy above EgCV
in the CV transition. Non radiative losses are consid-
ered on the IC transitions, in addition to radiative re-
combinations. We account for this effect through a ra-
diative effiency factor increasing RIC (pictured with a
curved arrow).
2 Model and notations
We will use the detailed balance model introduced
and detailed by Yoshida et al. [10], with notations
presented in Fig 1. The carrier generation Gi and ra-
diative recombination Ri rates for each transition i are
2
given by a generalized Planck’s law [17]
Gi =
f
4pi3h¯3c2
∫ ∞
0
dE
ai(E) E2
exp
(
E
kTS
)
− 1
(1)
Ri =
1
rrad, i
1
4pi2h¯3c2
∫ ∞
0
dE
ei(E) E2
exp
(
E−∆µi
kTc
)
− 1
(2)
where i = VC, IV, IC labels the valence to conduc-
tion, valence to intermediate and intermediate to con-
duction band transitions respectively. f is a geomet-
rical concentration factor, equal to 6.79× 10−5 for an
un-concentrated illumination. The temperature T is
taken to TS = 6000 K for generation rates (dark cur-
rent is neglected) and TC = 300 K for recombination
rates, while the quasi Fermi level splitting ∆µi are all
zero for the solar black-body radiation. To ease nota-
tions, we will note ∆µ˜i = ∆µi/kTC. The absorptivity,
emissivity and radiative efficiency of each transition
are denoted ai(E), ei(E) and rrad, i respectively. Ow-
ing to the Kirchhoff’s law of radiation, emissivity is
equal to absoptivity for each wavelength, and both
generation and recombination rates can be inferred
from ai only. Following previous models, we will con-
sider non-overlapping perfect absorptivity (ai(E) = 1)
and radiative limit (rrad, i = 1) for VC and IV tran-
sitions, while the IC transition is considered with a
narrow span δE and includes non-radiative recombi-
nation (see Fig. 1). This approach accounts for con-
straints raised by the use of nanostructures for IBSC,
where the IB - CB transition is intra-band [9, 19].
The energy shift of the electronic ratchet is defined
as
EgIV + EgIC = EgCV + ∆E. (3)
Note that the ratchet shift can be indifferently consid-
ered on the conduction band (as is the case here) or
on the intermediate band [15]. In the following, we
will refer to systems with finite ∆E as Ratchet Band
Solar Cells (RBSC) and systems with ∆E = 0 as IBSC -
even though both systems rely on electronic transition
through an intermediate band.
Electrically, these systems are equivalent to two
diodes connected in series (IC and IV transitions), in
parallel to a third diode (CV transition). As clear from
this picture, Kirchhoff’s voltage and current laws im-
pose constraints on the system, and can be written as
qV = ∆µCV = ∆µIV + ∆µIC (4)
GIV − RIV = GIC − RIC (5)
To simplify calculations, we will consider the Boltz-
mann approximation of the recombination rates
Ri ' R0i exp
(
∆µi
kTC
)
(6)
which is valid for all gaps both at open circuit volt-
age VOC and maximum power point Vm under un-
concentrated illumination.
In the following, we will often consider the best-gap
voltage Vgm, i, defined as the bias for which an isolated
junction with an energy gap Egi would be optimal
∂Egi [V (Gi − Ri(V))]
∣∣
V=Vgm, i
= 0 (7)
The best-gap voltage is determined by the absorptiv-
ity, and thus depends only on the energy gap and ab-
sorption width. Within Boltzmann approximation (6),
Vgm, i can be expressed as:
exp
(
qVgm, i(Eg, δE)
kTC
)
'
∂EgiGi
∣∣
Egi=Eg
∂EgiR
0
i
∣∣
Egi=Eg
. (8)
The best-gap voltage should not be confused with
the maximum power point Vm, defined for a given ab-
sorptivity as
∂V [V (G− R(V))]|V=Vm = 0 (9)
Considered at any value of the energy gap, the
best-gap voltage is a priori different from the maxi-
mum power point, and both quantities coincide only
for the optimal configuration. However, for a single
junction, the best-voltage gap has been proven to be
numerically close to the maximum power point down
to few percents [20], and we will therefore consider
Vgm,CV ' V(1)m (10)
where V(1)m is the maximal power point of a single
junction with gap EgCV .
3 Voltage preservation in RBSC
Following the model presented in the previous sec-
tion, the efficiency of RBSC system can be estimated
from six parameters {Egi, ∆µi}, submitted to two con-
straints eq. (4) and (5). In this section, we will study
the open circuit voltage of an optimal RBSC, ie for a
configuration such that the power output power of the
cell
P
(
Egi, ∆µi
)
=∑
i
∆µi
(
Gi − R0i e∆µ˜i
)
(11)
3
is maximum. An appropriate framework to account
for such a system is provided by Lagrange multi-
plier [21], where all parameters are treated as inde-
pendent, and constraints are included explicitly in the
Lagrangian
LR = P+λJ [(GIV − RIV)− (GIC − RIC)]
+ λV [∆µCV − (∆µIV + ∆µIC)] (12)
Note that this approach can be extended to stan-
dard IBSC by adding a constraint on the energy gaps
LIBSC = LR + λE [EgCV − (EgIV + EgIC)] (13)
which suggests that the benefit of the electronic
ratchet comes from the relaxation of this additional
constraint.
The optimal configuration for the RBSC is reached
when derivatives of the Lagrangian (12) with respect
to the system parameters {Egi, ∆µi} and Lagrange
multipliers {λJ , λV} are all equal to zero. The detailed
calculations are presented in annex, and provide rela-
tions between parameters in optimal configuration.
It is notably possible to express the maximum
power point of an optimal RBSC Vm = ∆µCV/q as a
function of the three energy gaps only
exp
(
qVm
kTC
)
= exp
( qVgm,CV
kTC
)1+ R0IC
R0IV
e
qVgm, IC
kTC − 1
e
qVgm, IV
kTC

−1
(14)
The right hand side denominator can be shown to
be close to unity. Indeed, to optimize current match-
ing through the intermediate band and limit recombi-
nation, generation rates GIC and GIV should be equal
(see section 4). However, a too narrow absorption
width δE can prevent GIC from reaching values close
to GIV . In any case, GIV forms an upper bound for
the optimal value of GIC. Due to current conserva-
tion eq.(4), RIC is therefore also limited by RIV , and is
much small than this upper bound for narrow transi-
tions. We will thus consider
R0IC e
qVgm, IC
kTC ≤ R0IV e
qVgm, IV
kTC (15)
With an estimation error smaller than log 2 kTC/q
(less than 2% of relative value), the previous expres-
sion can be simplified to
Vm ' Vgm,CV ' V(1)m (16)
where the last equality follows from eq. (10). The
maximum power point for a RBSC is close to that of
single junction with the same large gap EgCV .
Furthermore, it can also be shown (see Appendix)
that the open circuit voltage VOC and maximum
power point Vm for a RBSC are related by the exact
same relation as for a single junction:(
1+
qVm
kT
)
exp
(
qVm
kTC
)
= exp
(
qVOC
kTC
)
(17)
As this relation is monotonous for positive biases,
equation (16) implies the equality of open circuit volt-
age between the optimal RBSC and the corresponding
single junction with the same large gap:
VOC ' V(1)OC . (18)
This proves approximate voltage preservation in an
optimal RBSC. This remarkable result also implies
that, in an optimal RBSC, all three transitions reach
their respective open-circuit condition Gi = Ri simul-
taneously.
The open-circuit voltages of RBSC and IBSC are
compared to that of a single junction sharing the same
gap EgCV on Fig. 2. For illustration purpose, we have
taken an absorption width δE = 150 meV [22] and a
radiative efficiency rrad,IC equal to 1 or 10−3 [23]. For
small EgCV , an IBSC is limited to Shockley Queisser
limit. No current flows through the intermediate tran-
sition, and the IBSC behaves like a single junction. At
larger gaps, the intermediate transition contributes to
the current, increasing the system efficiency. How-
ever, this transition also results in a loss larger than
10% of the open circuit voltage as compared to the
single junction. By contrast, the open-circuit voltage
RBSC remains very close to V(1)OC (less than 1%), re-
gardless of the main gap or radiative efficiency con-
sidered.
It should also be noted that, due to the Lagrange
multiplier approach used for its derivation, voltage
preservation (18) is only valid for optimal set of pa-
rameters {Egi, ∆µi}. However, its numerical valid-
ity range appears to be significantly larger, and holds
for a large span of gaps EgCV . Therefore, RBSC are
expected to exhibit voltage preservation even in non-
optimal situations.
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Figure 2: Open circuit voltage of RBSC (plain line and
filled symbols) and IBSC (dashed line and empty sym-
bols), normalized to that of a single junction with the
same main gap EgCV . Absorption width is taken to
δE = 150 meV and rrad,IC to 1 (blue circles) and 10−3
(yellow square). For each gap EgCV , the band config-
uration of both structures are determined by optimiz-
ing the conversion efficiency.
4 Optimization criteria for RBSC
In previous works, RBSC band configuration was op-
timized numerically by testing all possible combina-
tions of parameters matching Kirchhoff laws eq.(4)
and (5). This brute force method can be time con-
suming, but requires no physical understanding of the
system. The Lagrange multiplier approach presented
in the previous section provides additional constraints
(see eq.(14) and eq.(33-34) in annex), reducing the pa-
rameter space. A sixth expression can be derived from
the Lagrangian LR, providing a closure relation on the
electrical current Jm at the maximum power point:
Jm
q
=
qVm
kTC
exp
(
qVm
kTC
)
×
R0CV + R0IVR0IC
R0IC e
qVgm, IC
kTC + R0IV e
qVgm, IV
kTC
 (19)
These relations can be used to estimate the optimal
set of bandgaps and operating voltages. However, it
is also insightful to estimate the optimal bandgap con-
figuration {Egi} alone, by considering only genera-
tion rates which are independent of the applied volt-
age.
A first criteria was suggested in [10] that, to fa-
vor current matching in the intermediate transitions,
and thus minimize radiative losses, generation rates
should verify GIC = GIV . In the general case of a
narrow absorption considered in this work, this cri-
teria cannot always be met and the current matching
criteria should rather be expressed by minimizing the
quantity
|GIC − GIV | (20)
Furthermore, the voltage preservation relation eq.
(18) can be expressed in terms of generation and re-
combination rates (see appendix) as:
GIVGIC
R0IVR
0
IC
=
GCV
R0CV
(21)
Since these two criteria only depend on the energy
gaps, the optimal values of EgIV and EgIC can be de-
termined if the optimal value of EgCV is known. The
efficiency of the structure calculated from these crite-
ria is compared to the efficiency estimated from brute
force optimization on Figure 3. Several conclusions
can be reached.
First, despite being approximate relations, the two
criteria eq.(20 - 21) presented here allow to recovers
extremely well the values of the brute force method.
This agreement shows that most of the physics of the
RBSC is contained in current matching and voltage
preservation.
Second, as for voltage preservation, the validity
of these criteria extends on a large range around the
global optimal, allowing for the estimation of the op-
timal ratchet band structure {EgIV , EgIC} for any gap
EgCV of practical use.
Third, these numerical calculations show that, for
both criteria to be met simultaneously, a non-zero
ratchet shift ∆E must be considered. An important
corollary of this result is therefore that a standard
IBSC without electronic ratchet can not satisfy current
matching and voltage preservation at the same time
under un-concentrated light.
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Figure 3: Conversion efficiency as estimate by the
brute force method (dashed line and empty symbols)
and from criteria eq.(20-21) (plain line and filled sym-
bols). Absorption width is taken to δE = 150 meV and
rrad,IC to 1 (blue circles) and 10−3 (yellow square).
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Figure 4: Short circuit current (above) and Fill Factor
(below) of RBSC (plain line and filled symbols) and
IBSC (dashed line and empty symbols), normalized
to that of a single junction with the same main gap
EgCV . Absorption width is taken to δE = 150 meV
and rrad,IC to 1 (blue circles) and 10−3 (yellow square).
For each gap EgCV , the band configuration of both
structures are determined by optimizing the conver-
sion efficiency. As noted in previous works [9], un-
like for standard IBSC, the efficiency of a RBSC is
marginally affected by non-radiative losses.
5 The best of both worlds
Finally, as a qualitative extension to the previous
study, we estimate numerically complementary fig-
ures of merit. Figure 4 compares compares the short
circuit current JSC and the fill factor FF reached by an
optimal RBSC, IBSC and single junction sharing the
same large EgCV .
As in Fig. 2, the IBSC works as a single junction
for small gaps. The intermediate transition contribu-
tion appears as a significant increase in the short cir-
cuit current, but is accompanied by a decrease of the
fill factor (in addition to the voltage loss mentioned
above). When non radiative losses are considered, the
trade-off between the beneficial and detrimental ef-
fects of the intermediate transition prevent the system
from exceeding the Shockley-Queisser limit [9].
By contrast, the RBSC maintains also a fill factor
very close to that of a single junction, regardless of the
main gap or radiative efficiency considered, and bene-
fits from the same current increase as an optimal IBSC.
In perspective of voltage preservation demonstrated
above, it thus appears that the electronic ratchet en-
ables RBSC to benefit from the best of two worlds, and
to take advantage of the best characteristics in both
IBSC and single junction systems.
6 Conclusions
In summary, we have studied theoretically electrical
properties of intermediate band solar cells featuring
an electronic rachet. We have shown numerically that
RBSC can reach the same open circuit voltage and fill
factor as a single junction with the same gap, while
benefiting from the same current increase as a stan-
dard IBSC without ratchet. To investigate the under-
lying physics, we have proven that the optimal RBSC
is characterized by voltage preservation and current
matching between IC and IV transitions. By contrast,
an IBSC without ratchet is unable to meet both criteria
simultaneously and the resulting trade-off limits its
conversion efficiency. This analytical result has been
obtained using Lagrange multipliers, a method partic-
ularly well suited for optimization under constraints
and which will certainly bring new insights on many
problems in photovoltaics.
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Appendix
Open-circuit voltage and Maximum power point in IBSC
In this section, we demonstrate eq.(17) and (21) used in the main text from the I-V behavior of an IBSC (with
or without ratchet). To estimate this behavior, we express the current flowing at a bias qV = ∆µCV as the sum
of the direct and intermediate contributions
J
q
=
(
GCV − R0CVe∆µ˜CV
)
+
(
GIC − R0ICe∆µ˜IC
)
(22)
Owing to Kirchhoff laws eq. (4) and (5), it is possible to estimate the recombination rate from conduction
to intermediate band
R0ICe
∆µ˜IC =
GIC − GIV +
√
(GIC − GIV)2 + 4R0IVR0ICe∆µ˜CV
2
(23)
and the current can be expressed as a function of the applied bias only:
J
q
=
(
GCV − R0CV eqV/kTC
)
+
GIV + GIC
2
−
√√√√(GIV + GIC
2
)2
+ R0IVR
0
IC
(
eqV/kTC − GIVGIC
R0IVR
0
IC
) (24)
From this expression, it is straightforward to show that, for the open circuit voltage VOC to match that of the
corresponding single junction V(1)OC =
kTC
q log
(
GCV
R0CV
)
, generation and recombination rates must verify
GIVGIC
R0IVR
0
IC
=
GCV
R0CV
(25)
hence eq.(21). Furthermore, provided that IC and IV recombinations are low enough, as is the case thanks to
the ratchet energy shift, we consider
(
GIV+GIC
2
)2  R0IVR0IC ( eqV/kT − GIVGICR0IVR0IC
)
and the previous expression
can be simplifed to
J
q
'
(
GCV +
GIVGIC
GIV + GIC
− eqV/kTC
(
R0CV +
R0IVR
0
IC
GIV + GIC
))
(26)
It is straightforward to estimate the open circuit voltage VOC by setting J = 0
eqVOC/kTC =
(
GCV +
GIVGIC
GIV + GIC
)
/
(
R0CV +
R0IVR
0
IC
GIV + GIC
)
(27)
The maximal power point Vm is defined by ∂V J ×V|V=Vm = 0, leading to
0 = GCV +
GIVGIC
GIV + GIC
−
(
R0CV +
R0IVR
0
IC
GIV + GIC
)(
1+
qVm
kBT
)
eqVm/kTC (28)
and the prefactor can be recognized from eq. (), resulting in the same relation between VOC and Vm as in a
single junction (
1+
qVm
kT
)
exp
(
qVm
kTC
)
= exp
(
qVOC
kTC
)
(29)
hence eq.(17).
Lagrange multipliers
In this section, we derive results presented in the main text based on Lagrange multiplier approach. This
approach consists in treating all parameters as free parameters, and accounting for constraints through ad-
ditionnal terms included in the Lagrangian (12). The optimum configuration respecting these constraints is
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reached when the derivative of LR with respect to all parameters and multipliers is zero. It is straightforward
to show that Kirchhoff’s laws eq.(4-5) are recovered from the derivative of the Lagrangian with respect to the
Lagrange multipliers λV and λJ respectively.
Let us first consider the derivative of LR with respect to EgIC and EgIV respectively.
∂EgICLR = 0⇒ ∆µIC = qVgm, IC or∆µIC = λI (30)
∂EgIV LR = 0⇒ ∆µIV = qVgm, IV or∆µIV = −λI (31)
These relations result in four options, which we will now examine.
Option 1 ∆µIC = λI and ∆µIV = −λI
In this case, following Kirchhoff’s voltage law eq.(4), we find that the maximum power point is qVm =
∆µCV = 0, which is absurd.
To disciminate between the three remaining options, we consider derivatives of the Langragian with respect
to the quasi-Fermi levels splitting ∆µIC and ∆µIV , together with Kirchhoff’s current law eq.(5), leading to:
(∆µIV + λI) R0IVe
∆µ˜IV = (∆µIC − λI) R0ICe∆µ˜IC (32)
Option 2 ∆µIC = λI and ∆µIV = qVgm, IV
In this case, the right hand side is zero, leading to qVgm, IV = ∆µIV = −λI and we are back to option 1.
Option 3 ∆µIC = qVgm, IC and ∆µIV = −λI
In this case, the left hand side is zero, leading to qVgm, IC = ∆µIC = λI and we are back to option 1.
Option 4 ∆µIC = qVgm, IC and ∆µIV = qVgm, IV
We are left with only this option, and will consider in the following
∆µIC = qVgm, IC (33)
∆µIV = qVgm, IV (34)
These expressions can be used to estimate the expression of the Lagrange multiplier:
λI =
∆µIC R0IC exp
(
∆µIC
kTC
)
− ∆µIV R0IV exp
(
∆µIV
kTC
)
R0IV exp
(
∆µIV
kTC
)
+ R0IC exp
(
∆µIC
kTC
) (35)
which in turn can be used to develop ∂EgCV LR = 0 as
exp
(
qVm
kTC
)1+ R0IC
R0IV
exp
(
∆µIC
kTC
)
− 1
exp
(
∆µIV
kTC
)
 = ∂EgCVGCV
∂EgCVRCV
(36)
hence eq.(14).
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